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We investigate the effects of noise-induced coherence on average current and current fluctuations in a sim-
ple model of quantum absorption refrigerator with degenerate energy levels. We describe and explain the
differences and similarities between the system behavior when it operates in the classical regime, where the
populations and coherences in the corresponding quantum optical master equation decouple in a suitably
chosen basis, and in the quantum regime, where such a transformation does not exist. The differences be-
tween the quantum and the classical case are observable only close to the maximum current regime, where
the system steady-state becomes non-unique. This allows us to approximate the system dynamics by an
analytical model based on a dichotomous process, that explains the behavior of the average current both in
the classical and in the quantum case. Due to the non-uniqueness, the scaled cumulant generating function
for the current at the vicinity of the critical point exhibits behavior reminiscent of the dynamical first-order
phase transition. The corresponding current fluctuations are moderate in the quantum case and large, unless
the system parameters are fine-tuned, in the classical case.
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I. INTRODUCTION
One of the main motivations of quantum thermody-
namics is to determine whether quantum effects can be
used to build machines operating better than the classical
ones1–5. A machine operates in a truly quantum regime if
its dynamics inseparably contains effects of quantum in-
terference4. One of the simplest setups fulfilling this con-
dition are open quantum systems with degenerate energy
levels communicating with several heat reservoirs at dif-
ferent temperatures. Departing from an arbitrary initial
condition, the non-equilibrium stationary states attained
by these systems at long times contain non-vanishing co-
herences that cannot be in general accounted for by a
wrong choice of the basis6,7. Because the steady-state
coherences appear only if the temperatures, or noise in-
tensities, differ, this effect has been called as the noise-
induced coherence1,8–10.
The mechanism of noise-induced coherence is based
on Fano interference11 corresponding to the transitions
to and from the degenerate energy levels. For certain
parameters, this interference leads to a division of the
steady state into a dark state or blocking state12, that is
separated from the rest of the system, and another steady
state. This effect underlies various surprising quantum
a)Electronic mail: viktor.holubec@mff.cuni.cz
b)Electronic mail: tno@karlov.mff.cuni.cz.cz
effects like lasing without inversion13 or electromagneti-
cally induced transparency14,15 and, surprisingly, can be
to a large extent realized also using classical systems16.
Investigations of the effect of the noise-induced coher-
ence on the performance of quantum heat engines have
been pioneered by Scully et al.1,8–10, who reported a sur-
prising enhancement of the power output in quantum
heat engines with (nearly) degenerate energy levels. Sub-
sequent works17,18 addressed the status of the used quan-
tum optical master equation and found similar effects
using a classical Pauli rate equation. Nevertheless, our
recent study 6 addressing averaged thermodynamic prop-
erties of quantum absorption refrigerators shows that sys-
tems exhibiting the noise-induced coherence can operate
both in a classical regime, where the quantum descrip-
tion transforms into a classical one for a suitably chosen
basis, and in a genuine quantum regime, where such a
transformation is not possible.
The only advantage of the genuine quantum regime
over the classical one found in Ref.6 was the size of the pa-
rameter regime for which the refrigerator operated with
maximum average cooling flux. In this work, we present
a complementary analysis by further explaining the dif-
ferences between the quantum and classical regime of op-
eration and by investigating fluctuations of the flux in the
consider absorption refrigerator. Current fluctuations in
quantum and classical systems with degenerate steady-
states exhibit behavior reminiscent of first-order phase
transition19. We mainly focus to answer the following
two questions. (i) Can this non-standard behavior of
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current fluctuations be beneficial for the performance of
the quantum absorption refrigerator? (ii) Is the phase
transition occurring in the quantum regime qualitatively
different from that in the classical regime?
Although the concept of absorption refrigerators was
put forward already in 1858 by F. Carre´, it now experi-
ences its renaissance in the quantum realm20–27 mainly
initiated by the work of Levy and Kosloff28. The main
reasons are twofold. First, unlike cyclically operating
devices that must be driven29, the absorption refriger-
ators operate autonomously in a time-independent non-
equilibrium steady state30. Hence both their experimen-
tal realization and theoretical studying is simpler than in
case of the cyclic devices making them a perfect system
for studying laws of quantum thermodynamics. Second,
with the advent of quantum computation, it is now im-
portant to study microscopic quantum devices that can
be potentially implemented inside quantum computers.
In the next Sec. II, we first review the model of the ab-
sorption refrigerator used in Ref.6. Afterward, in Sec. III,
we review the definitions of average thermodynamic cur-
rents in the refrigerator. In Sec. IV, we describe the
structure of the steady-state attained by the refrigera-
tor at long times and explain the differences between the
quantum and the classical regime of operation of the sys-
tem. Sec. V contains the main new results of the present
paper concerning the statistics of the current in the ab-
sorption refrigerator with degenerate energy levels. Fi-
nally, we conclude in Sec. VI.
II. MODEL
We consider a quantum system with the structure of
energy levels |i〉 with energies Ei = ~ωi depicted in
Fig. 1 a). We assume that the energy levels |1〉 and |2〉
are degenerate and that the red, green and blue tran-
sitions in Fig. 1 a) are caused by coupling the system
to heat reservoir at temperate Th, Tm and Tc, respec-
tively. The temperatures Th  Tm > Tc and the energies
E1 = E2 > E4 > E3 can be adjusted in such a way that
the system utilizes the heat flow from the bath at Th to
the one at Tm to further cool the cold bath, as depicted
in Fig. 1 b). In this regime, the system works as an ab-
sorption refrigerator6 pumping heat both form hot and
cold bath to the bath at the intermediate temperature
Tm.
Assuming that the three reservoirs can be represented
as black bodies described by a set of of harmonic os-
cillators coupled to the system by weak dipole interac-
tions, the dynamics of the relevant elements ρii = 〈i| ρ |i〉,
i = 1, . . . , 4, and ρR = [〈1| ρ |2〉 + 〈2| ρ |1〉]/2 of the sys-
tem density matrix ρˆ(t) obey the following (approximate)
Tm −qm Tcqc
Th
qh
fridge
b)
γ1m γ2m
γc
γ2h
γ1h
|3〉
|1〉 |2〉
|4〉
a)
FIG. 1. a) The level structure of the working medium of the
considered absorption refrigerator schematically depicted in
the panel b).
quantum optical master equation
ρ˙11 = γ˜1mn
+
mρ33 + γ˜1hn
+
h ρ44 − (γ˜1hn−h + γ˜1mn−m)ρ11
− (γ˜12hn−h + γ˜12mn−m)ρR,
ρ˙22 = γ˜2mn
+
mρ33 + γ˜2hn
+
h ρ44 − (γ˜2hn−h + γ˜2mn−m)ρ22
− (γ˜12hn−h + γ˜12mn−m)ρR,
ρ˙33 = γ˜cn
−
c ρ44 + γ˜1mn
−
mρ11 + γ˜2mn
−
mρ22
− (γ˜1mn+m + γ˜2mn+m + γ˜cn+c )ρ33 + 2γ˜12mn−mρR,
ρ˙44 = γ˜cn
+
c ρ33 + γ˜1hn
−
h ρ11 + γ˜2hn
−
h ρ22 (1)
− (γ˜1hn+h + γ˜2hn+h + γ˜cn−c )ρ44 + 2γ˜12hn−h ρR,
ρ˙R =
γ˜12m
2
[2n+mρ33 − n−m(ρ11 + ρ22)]
+
γ˜12h
2
[2n+h ρ44 − n−h (ρ11 + ρ22)]
− 1
2
[(γ˜1h + γ˜2h)n
−
h + (γ˜1m + γ˜2m)n
−
m]ρR,
that can be derived from the Redfield master equation31.
The only difference from the derivation of the standard
quantum optical master equation, where populations ρii
and coherences ρR decouple, is that the coherences and
populations become coupled via the terms proportional
to the coefficients γ˜12h and γ˜12m. This is because the ro-
tating wave approximation, that leads to the decoupling
of coherences in the standard case of a non-degenerate
spectrum, does not decouple coherences and populations
corresponding to the degenerate energy levels |1〉 and |2〉.
The equation can be written in the Lindblad form and
thus it preserves positivity and normalization of the den-
sity matrix.
In Eq. (1), n−x ≡ 1 + n+x and n+x ≡ nx =
1/[exp(~ωx/kBTx) − 1] denotes the average number of
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photons with frequency ωx in the reservoir at tempera-
ture Tx, x = h,m, c. Namely, ωh ≡ ω1 − ω4 corresponds
to Th, ωm ≡ ω1 − ω3 to Tm, and ωc ≡ ω4 − ω3 to Tc.
The parameters γ˜x = γxω
3
x/(6pi~0c3) are determined
by scalar products γ1h,m = |g1h,m|2, γ2h,m = |g2h,m|2,
γc = |gc|2 and γ12h,m = g1h,m · g?2h,m of the matrix ele-
ments g1h = e 〈1| rˆ |4〉, g2h = e 〈2| rˆ |4〉, g1m = e 〈1| rˆ |3〉,
g2m = e 〈2| rˆ |3〉 and gc = e 〈4| rˆ |3〉 of the system elec-
tric dipole moment operator rˆ. The symbols e, ~, c, 0
and kB above denote the absolute value of the elemen-
tary charge, the Planck constant, the speed of light, the
vacuum permittivity, and the Boltzmann constant, re-
spectively. All details of the considered setup, the full
derivation of Eq. (1), and the description of the regimes
of its validity can be found in Ref.6.
The elements of the electric dipole moment opera-
tor are in general complex vectors and thus the cross-
product γ12h can assume any value inside the complex
circle
√
γ1hγ2h exp(iφh) with the phase factor φh, and
similarly for γ12m. The system dynamics is affected only
by the relative phase θ = |φh − φm|. The probability
current through the system interpolates between a max-
imum and a minimum values attained for θ = 0 and
θ = pi, respectively, as discussed in Ref.32 for a slightly
different system, which, however, exhibits qualitatively
the same dynamics with respect to θ as the system con-
sidered here. Here, we investigate the system behavior
near the maximum current regime and thus we already
assumed that θ = 0 in Eq. (1). Then the cross-products
γ12h and γ12m are real, positive and bounded from above
by
√
γ1hγ2h and
√
γ1mγ2m, respectively.
For computational reasons, it is useful to rewrite the
system (1) in the from
ρ˙ = Rρ (2)
for the vector ρ = [ρ11, ρ22, ρ33, ρ44, ρR]. The elements
Rij , i, j = 1, . . . , 5, of the matrix R can be read out of
the equation (1). Since the vector ρ contains not only
populations (probabilities) ρii but also coherence ρR, the
matrix R is not a standard rate matrix. In particu-
lar, the preservation of the normalization
∑4
i=1 ρii = 1
does not imply that
∑5
i=1Rij = 0 for all j, but instead∑4
i=1Rij = 1. In Sec. IV, we will see that in the param-
eter regime γ1h = γ2h = γ12h and γ1m = γ2m = γ12m
the spectrum of the matrix R becomes degenerate and
thus, in this special case, the considered system becomes
non-ergodic.
III. STEADY STATE COOLING FLUX
The system in Fig. 1 operates as a refrigerator if the
system goes from state |3〉 to state |4〉 more often than
back. Differently speaking, the probability current
Jc(t) = γ˜c[n
+
c ρ33(t)− n−c ρ44(t)] (3)
from state |3〉 to state |4〉, which determines the amount
of heat Qc(t) = (E4 − E3)Jc(t) taken on average per
unit time from the cold bath and causing the |3〉 → |4〉
transition, must be positive.
In general, the current Jc(t) depends on the initial
state of the system and on time. It may also differ from
the current
Jh(t) = γ˜1h[n
+
h ρ44(t)− n−h ρ11(t)]+
γ˜2h[n
+
h ρ44(t)− n−h ρ22(t)]− γ˜12hn−h ρR(t) (4)
from |4〉 → |1〉 and |2〉 caused by the reservoir at Th and
Jm(t) = γ˜1m[n
+
mρ33(t)− n−mρ11(t)]+
γ˜2m[n
+
mρ33(t)− n−mρ22(t)]− γ˜12mn−mρR(t) (5)
from |1〉 and |2〉 → |3〉 caused by the reservoir at Tm6.
However, at long times, the considered system attains a
time-independent non-equilibrium steady state. In this
steady state, the time derivative of the density matrix
vanishes yielding the conservation law
J = Jc = Jh = −Jm (6)
for the time-independent stationary current.
From now on, we focus solely on this stationary state
where all the quantities important for the thermody-
namic description of the refrigerator are determined by
the stationary current J . Namely, the average heat cur-
rents Qx, from the reservoirs at temperatures Tx are
given by
Qc = (E4 − E3)J, (7)
Qh = (E1 − E4)J, (8)
Qm = (E1 − E3)(−J), (9)
and the average amount of entropy σ = −∑xQx/Tx
produced in the steady-state per unit time can thus be
written as
σ =
(
−E4 − E3
Tc
− E1 − E4
Th
+
E1 − E3
Tm
)
J. (10)
IV. STRUCTURE OF THE STEADY STATE:
QUANTUM VS. CLASSICAL
The exactly degenerate doublet in the level spectrum of
the considered refrigerator induces couplings of the non-
diagonal elements of the density matrix ρR = ρ12 = ρ21
(coherences) to the diagonal ones ρii (populations) in
Eqs. (1) and (2). If the reservoir temperatures differ,
these couplings prevail also for steady-state density ma-
trix attained by the system at long times. As a result, the
steady state density matrix necessarily contains non-zero
coherences ρR, which can be viewed as “induced” by the
compound effect of noises with different intensities, hence
the effect was called as noise-induced coherence1,8–10.
Interestingly enough, in the symmetric case γ1h = γ2h
and γ1m = γ2m, when the Fano interference for the tran-
sitions from the doublet is the strongest1,8–10, the mas-
ter equation (1) can be transformed into a classical form
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γm − γ12m γm + γ12m
γc
γh + γ12h
γh − γ12h
|3〉
(|1〉 − |2〉)/√2 (|1〉+ |2〉)/√2
|4〉
FIG. 2. The level structure of the working medium of the
considered absorption refrigerator in the transformed basis,
where coherences decouple from populations. This transfor-
mation works only in the classical regime with γ1x = γ2x,
x = m,h.
where the coherences and populations decouple, while
such a transformation does not exist if the symmetry is
broken6. Below, we will refer to the symmetric situation
as to the classical case and to the setting with γ1h 6= γ2h
and/or γ1m 6= γ2m as to the quantum case.
Specifically, in the classical case, the coupling be-
tween the coherences and populations in the master equa-
tion (1) vanishes after transforming the basis {|1〉 , |2〉}
of the degenerate subspace to {(|1〉 − |2〉)/√2, (|1〉 +
|2〉)/√2}. The system dynamics in the transformed
basis is depicted in Fig. 2, where we have used the
notation γ1h = γ2h = γh and γ1m = γ2m = γm.
The corresponding master equation ρ˙′ = R′ρ′ for the
transformed vector ρ′ = [(ρ11 + ρ22 − 2ρR)/2, (ρ11 +
ρ22+2ρR)/2, ρ33, ρ44, (ρ11−ρ22)/2] can be obtained from
Eq. (1) by substituting γ1m,h by γm,h − γ12m,h, γ2m,h
by γm,h + γ12m,h and setting γ12m,h = 0. The result-
ing equation still contains both populations and coher-
ences, and thus it actually describes a quantum system,
but now the dynamics of the populations, which in this
case determine the probability current J and thus the
system performance, is completely independent of co-
herences. Moreover, the coherences in this case expo-
nentially decay with time and thus they are zero in the
steady state. This means that, although formally quan-
tum, the system dynamics in the regime that we call as
classical can be (almost) completely mimicked by a classi-
cal system described by the rate equation p˙ = Cp, where
p = [(ρ11 + ρ22 − 2ρR)/2, (ρ11 + ρ22 + 2ρR)/2, ρ33, ρ44]
and Cij = R′ij , i, j = 1, . . . , 4. On the other hand, if
γ1h 6= γ2h and/or γ1m 6= γ2m, no such a transformation
that would allow us to separate coherences and popu-
lations in the master equation (1) exists and thus it is
impossible to mimic the corresponding dynamics by a
classical rate equation. Such dynamics is hence genuinely
quantum.
The larger the cross-products γ12x, x = c, h, the
larger the steady state coherence |ρR| and the current
J . Hence, both |ρR| and J reach their maximum values
for γ12x → √γ1xγ2x corresponding to the maximum Fano
a) b)
c) d)
Quantum Classical
FIG. 3. The steady-state probability current J for the
six values 0, 0.001, 0.01, 0.02, 0.3 and 1 of the param-
eter sin ξ [full lines, from top to bottom in panel c)] as
functions of α [see Eqs. (11) and (12)]. The dashed lines
were computed using γ12h = γ12m = 0. In panels a)
and c), we show the current in the quantum regime with
γ1h = 5.7γ0, γ2h = 4.0γ0, γ1m = 7.5γ0, and γ2m = 6.0γ0.
The panels b) and d) correspond to the classical regime with
γ1h = 5.7γ0, γ2h = 5.7γ0, γ1m = 7.5γ0, and γ2m = 7.5γ0. The
parameter γ0 = (eA˚)
2 ≈ (5 Debye)2 corresponds to a realis-
tic value of the electric dipole element. We set Tc = 34 K,
Tm = 35 K and Th = 5000 K for the reservoir temperatures
and E1 = E2 = 0.01 eV, E4 = 0.001 eV and E3 = 0 eV
for the energies of the individual levels. We also always take
γc = 10
4γ0.
interference6. Let us now investigate the regime close to
the maximum current, where the system behaves slightly
differently in the quantum and in the classical parameter
regime, as reported in Ref.6. To this end, we alter the
parameters γ12x according to the formulas
γ12h = [1− (1− α) sin ξ]√γ1hγ2h , (11)
γ12m = [1− (1− α) cos ξ]√γ1mγ2m , (12)
and compute the corresponding current. The results are
shown in Fig. 3, where we plot the current J as a func-
tion of the parameter α for six values of the parameter
sin ξ corresponding to reaching the maximum coherence
limit γ12x → √γ1xγ2x (attained for α = 1) from sev-
eral different directions in the γ12m–γ12h plane. In the
quantum regime, the limit limα→1 J does not depend on
the direction (the individual full lines in panels a) and
c) converge with α → 1 to the same value), while in the
classical regime (panels b) and d)) the values of limα→1 J
obtained for the individual parameters sin ξ differ.
The non-uniqueness of the limit in the classical case
can be traced to non-uniqueness (degeneracy) of the
steady state in this regime6, known in the field of quan-
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tum transport as a blocking state12. Namely, for γ1x =
γ2x and γ12x = γ1x, x = m,h (α = 1), the null-space
of the matrix R becomes two-dimensional. One of its
components is the combination (ρ11 +ρ22− 2ρR)/2 inde-
pendent of the model parameters and disconnected from
the rest of the system, thus sometimes called the dark
state, which corresponds to the antisymmetric combina-
tion |D〉 ≡ (|1〉 − |2〉)/√2 in Fig. 2. We will now dis-
cuss the behavior of the classical system close to the
degenerate case, i.e. when α → 1. To illustrate the
mechanism analytically, we adopt a limit of nh → ∞
and nm → 0 which simplifies the expressions to man-
ageable forms and still is within 10% of the full numer-
ical solution for our parameters (in our case nh ≈ 50
and nm ≈ 0.04). In this limit, the stationary state
of the (nearly) decoupled three-state system involving
states {|3〉, |4〉, (|1〉+ |2〉)/√2} is described by the vector
(1− 2pi0, pi0, pi0) with
pi0(α) =
γ˜cnc
γ˜c(3nc + 1) + γ˜m[2− (1− α) cos ξ]
=
pi0(1)
1− pi0(1) γ˜mγ˜cnc (1− α) cos ξ
≈ pi0(1)
[
1 + pi0(1)
γ˜m
γ˜cnc
(1− α) cos ξ
]
.
(13)
The associated current then reads
J0(α) = γ˜m[2− (1− α) cos ξ]pi0(α) (14)
≈ Jmax[1− s(1− α) cos ξ],
with the maximum current
Jmax = 2γ˜mpi0(1) =
2γ˜mγ˜cnc
γ˜c(3nc + 1) + 2γ˜m
(15)
and the slope
s =
1
2
− γ˜mpi0(1)
γ˜cnc
=
1
2
3nc + 1
3nc + 1 +
2γ˜m
γ˜c
. (16)
Next, we allow a weak (for α close to 1) connection
between the dark state and the three-state cycle assum-
ing a slow dichotomous switching between the dark state,
blocking any current, and the three-state cycle, carrying
current J0(α) above. The switching process is governed
by the switching rates
Γ↑ = (1− α)[γ˜hn+h pi0(α) sin ξ + γ˜mn+m(1− 2pi0(α)) cos ξ]
(17)
for the transition from the cycle to the dark state and
Γ↓ = (1− α)[γ˜hn−h sin ξ + γ˜mn−m cos ξ] (18)
for the backward transition from the dark state. Most
importantly, both rates are proportional to the distance
from the critical point α = 1 and, consequently, in its
vicinity they are very small setting the longest timescale
in the problem. Then the proposed picture of the di-
chotomous switching between two dynamical states (the
dark state with zero current and three-state cycle with a
nonzero current J0(α)) is well justified not only for the
average current but even for its long time fluctuations as
we will demonstrate in the next section. Here, we just
give the final expression for the total mean current after
the averaging over the switching process. It reads
J(α) =
Γ↓
Γ↓ + Γ↑
J0(α)
≈ J0(α) γ˜h(1 + nh) sin ξ + γ˜m cos ξ
γ˜h(1 + nh[1 + pi0(α)]) sin ξ + γ˜m cos ξ
≈ Jmax γ˜h(1 + nh) sin ξ + γ˜m cos ξ
γ˜h(1 + nh[1 + pi0(1)]) sin ξ + γ˜m cos ξ
×
[1− s′(1− α) cos ξ]
≈ Jmax
1 + γ˜m cot ξγ˜hnh
1 + pi0(1) +
γ˜m cot ξ
γ˜hnh
[1− s′(1− α) cos ξ],
(19)
with the explicit expression for the final slope s′ > 0
s′ = s+
pi20(1)γ˜m
γ˜cnc
1
1 + pi0(1) +
γ˜m cot ξ
γ˜hnh
=
1
2
4nc + 1 + (3nc + 1)
γ˜m cot ξ
γ˜hnh
4nc + 1 + 2
γ˜m
γ˜c
+
(
3nc + 1 + 2
γ˜m
γ˜c
)
γ˜m cot ξ
γ˜hnh
.
(20)
Now, we can use the above-derived equation (19) for
explaining the behavior observed in the right panel (clas-
sical results) of Fig. 3. We see that both the slope
of the classical curves in the vicinity of at the critical
point α = 1 as well as the values of the current there
(Fig. 3d)) do depend on the value of the parameter ξ
consistently with the prediction of Eq. (19). In particu-
lar, the slope is (roughly, since s′ does also depend on ξ)
proportional to cos ξ and the critical value interpolates
between the maximum value of the current at sin ξ = 0
and Jmax/(1 + pi0(1)) ≈ 0.8Jmax at sin ξ = 1. Due to
the large value of nh, the crossover in ξ is quite fast as is
obvious from Fig. 3d).
In the quantum case, the coupling of the dark state to
the rest of the system, proportional to γ1x + γ2x− 2γ12x,
x = h,m6, does not reach zero even for α = 1. Moreover,
there is an extra coupling between the two subsystems
mediated by the remaining coherence (which does not
fully decouple from the populations unlike in the classi-
cal case). The net result of these effects is that the dark
state never fully separates from the rest of the system
and, thus, the stationary state is always unique. Appar-
ently, stemming from the numerical results in Fig. 3 as
well as those for fluctuations below, there is a possibility
of an effectively classical dichotomous description with
rates which, however, due to the quantum corrections
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saturate at non-zero values with α → 1. This preserves
the uniqueness of the steady state as well as tames the
fluctuations as we proceed to show in the next section.
V. STATISTICS OF THE CURRENT
We will focus on the statistics of the fluctuating current
j =
1
t
∫ t
0
dt′[n3→4(t′)− n4→3(t′)] (21)
defined as the difference between the number of transi-
tions n3→4 from the level |3〉 to the level |4〉 [n3→4(t′) =
δ(t′) if the transition occurred at time t′ and zero other-
wise] and the number n4→3 of backward transitions aver-
aged over time t. For t→∞, the time averaged current
equals to the mean current J . For large, but finite times
t, the statistics of the current j can be described using
the so-called large deviation theory33.
A. Large deviations of the current
Within the large deviation theory, one constructs the
approximate probability distribution function (PDF)
logP (t, j) ≈ −tI (j) (22)
from the so-called large deviation function I(j) that plays
a role equivalent to the equilibrium free energy, and gov-
erns fluctuations of non-equilibrium currents33,34. The
symbol ≈ in the formula (22) denotes that the two sides
equal up to the corrections that are sublinear in time t.
The large deviation function is usually obtained by the
Legendre–Fenchel transform (see Refs.33,35 for details)
I(j) = −min
u
[λ(u) + uj] (23)
from the so-called scaled cumulant generating function
λ(u), which can be computed as the maximum eigenvalue
of the so-called tilted matrix R˜(u). The tilted matrix
R˜(u) is identical to the matrix R except for the elements
responsible for changing the value of the current j. The
element γ˜cn
+
c , that is responsible for increase in the cur-
rent tj by 1, is multiplied by exp(−u) and, similarly, the
element γ˜cn
−
c , causing a unit decrease in the current, is
multiplied by exp(u). These two exponential factors re-
sult as two-sided Laplace transforms of the probability
distribution for the current tj for a short-time evolution,
see Ref.35 for a more thorough discussion. Let us note
that, for the present simple setting, the described intu-
itive method gives the same results as the method based
on the dressed master equation used in Ref.36.
To compare the behavior of the fluctuations in the
quantum and classical regime described in the previous
section, we use the scaled cumulant generating function
to compute the scaled cumulants
C˜k(t) = (−1)k d
kλ(u)
duk
∣∣∣∣
u=0
= tk−1Ck. (24)
a) b)
c) d)
e) f)
FIG. 4. Scaled relative current fluctuation (25) [a) and b)],
skewness (26) [c) and d)] and kurtosis (27) [e) and f)] in
the quantum regime. We used the same parameters as in
Figs. 3 a) and c). The parameter sin ξ assumes the values 0,
0.001, 0.01, 0.02, 0.3 and 1 from top to bottom in panels d)
and f).
The factor tk−1 relating the scaled cumulants to the cu-
mulants Ck of the current j arises from the fact that
tC˜k(t) is the k-th cumulant for the time-integrated cur-
rent tj (the pre-factor t in tC˜k(t) comes from the defini-
tion of the scaled cumulant generating function35).
First, we have verified that the first cumulant C1 =
C˜1 = J coincides with our results for J obtained in the
previous section. Afterward, we have evaluated the rela-
tive current fluctuation
F (t) =
√〈j2〉 − J2
J
=
√
C2
C1
=
1√
t
√
C˜2
C˜1
, (25)
the skewness
S(t) =
C3
C
3/2
2
=
1√
t
√
C˜3
C˜
3/2
2
, (26)
and the kurtosis
K(t) =
〈
(j − J)4〉
C22
− 3 = C4
C22
=
1
t
C˜4
C˜22
. (27)
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a) b)
c) d)
e) f)
FIG. 5. Scaled relative current fluctuation (25) [a) and b)],
skewness (26) [c) and d)] and kurtosis (27) [e) and f)] in the
classical regime. We used the same parameters as in Figs. 3 b)
and d). The parameter sin ξ assumes the values 0, 0.001, 0.01,
0.02, 0.3 and 1 from top to bottom in panels d) and f).
Because all three above quantities decay to zero with time
t, we show in Fig. 4 (quantum case) and in Fig. 5 (clas-
sical case) their time-rescaled variants which no longer
depend on t. The individual lines in the figure corre-
spond to the lines depicted in Fig. 3.
Besides the uniqueness of the α → 1 limit of the
depicted coefficients in the quantum case and its non-
uniqueness in the classical case, the main difference are
the magnitudes of the moments in the individual sit-
uations. While the scaled relative fluctuation F is in
the classical case more than 10-times larger than in the
quantum one, this factor increases to more than 23 for
the scaled skewness and to 1000 for the scaled kurtosis.
Hence, while the both current PDFs are relatively broad,
positively skewed and with a positive kurtosis close to the
critical point, these features are much more pronounced
in the classical regime than in the quantum regime. An-
other difference can be spotted in panels b) of the two
figures: close to the critical point in the quantum case,
the relative fluctuation is smaller for larger values of the
mean current. In the classical case, this hierarchy can be
broken, as verified by the purple line corresponding to
-2 0 2 4
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a) b)
c) d)
e) f)
Quantum Classical
FIG. 6. Scaled cumulant generating functions [a) and b)],
large deviation functions [c) and d)] and PDFs P (t, j) =
exp[−tI(j)]/N , N = ∫∞−∞ dj exp[−tI(j)], for j at time t = 10
[e) and f)] obtained from the large deviation theory in the
quantum regime (left) and in the classical regime (right). In
the insets in the panels a) and b), we show in detail the seem-
ingly flat regions of the cumulant generating functions. We
took cos ξ = 0.3 and γ12h = γ12m = 0 (dotted lines), α = 0
(dot-dashed lines), α = 0.99 (dashed lines) and α = 0.999 (full
lines). The dotted and the dot-dashed lines almost overlap.
Other parameters for the quantum and the classical regime
are the same as in Fig. 3.
the smallest value of the mean current in Fig. 3. Both
in the quantum and in the classical regime, the larger
the average current, the larger the scaled skewness and
scaled kurtosis close to the critical point.
Typical shapes of the scaled cumulant generating func-
tions, large deviations functions, and the corresponding
PDFs in the quantum and in the classical regime for four
distances from the critical point are depicted in Fig. 6.
While the depicted functions develop the same qualita-
tive features, in the panels e) and f) for the quantum
and the classical PDF, respectively, one can observe the
above discussed larger relative fluctuation, skewness and
kurtosis reached in the classical regime compared to the
quantum one.
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B. Dynamic phase transitions in current statistics
The most interesting parameter regime shown in the
figures is the one closest to the critical point α = 1, de-
picted by the full lines. Both in the quantum and in the
classical case, the corresponding scaled cumulant gen-
erating functions, shown in panels a) and b) of Fig. 6,
develop almost constant region, connected to the rest of
the curve by two points (at u ≈ 0 and u ≈ 3) where the
derivative λ′(u) changes very fast. This feature of λ(u)
then manifests itself through the Legendre–Fenchel trans-
form in the steep increase of the large deviation functions
[panels c) and d)], and thus also in the steep decrease of
the PDFs [panels e) and f)]. The presence of the plateau
in the scaled cumulant generating function and the cor-
responding steep decay of the PDFs (exactly) at j = 0 is
caused by the degeneracy of the steady state for α = 1
and γ1x = γ2x, x = h,m
19. In this limit, the plateau
of the scaled cumulant generating function is completely
flat and the derivative λ′(u) develops a discontinuity at
the borders of the plateau. The non-analytical scaled cu-
mulant generating function is a hallmark of a first-order
phase transition37, where the Legendre–Fenchel trans-
form (23) can no longer be used for determination of
the large deviation function and thus of the probability
PDF33.
In our setup, the failure of the Legendre–Fenchel trans-
form at the critical point can be easily understood. One
of the assumptions behind the formula (23) is that the
large deviation function does not depend on the prepa-
ration of the system. While this assumption is fulfilled
for parameters arbitrarily close to the critical point, i.e.
for α < 1 and/or γ1x 6= γ2x, it breaks down at the crit-
ical point with α = 1 and γ1x = γ2x, where the steady-
state becomes non-unique. Such a smooth transition of
system dynamics from ergodic to non-ergodic is called
emergent ergodicity breaking that, in the present case,
emerges due to the effect of Fano interference. In the
non-ergodic case, the system prepared in the dark state
(|1〉 − |2〉)/√2 stays trapped in this state forever and
the PDF for current reads P (t, j) = δ(j). A similar sit-
uation occurs when the system is prepared outside the
dark state with the only difference that then the PDF
for current P (t, j) is nontrivial, with a non-zero average
current and a Gaussian-like shape similar to the dotted
and dot-dashed PDFs shown in Figs. 6 e) and f).
The shape of the scaled cumulant generating function
at the critical point and in its vicinity can be understood
using relatively simple arguments (see Sec. 6.2 in Ref.19;
we also refer to Ref.38, where the interested reader may
found further information about large deviations in sys-
tems exhibiting emergent ergodicity breaking). In case of
multiple steady-states with different stationary currents,
the scaled cumulant generating function can be up to the
first order in u written as
λ(u) ≈
{
−Jmaxu, u < 0,
−Jminu, u > 0, (28)
where Jmax is the largest possible value of the average
steady-state current and Jmin is the smallest one. In
our case, the smallest current is Jmin = 0 and it corre-
sponds to the excitation trapped in the dark state. The
largest current Jmax is then obtained for excitations run-
ning through the other steady state. Its value in the
parameter regime nh  1  nm is given by Eq. (15).
For the parameters taken for the full line in Fig. 6 b),
Jmax ≈ 6.55. The behavior of the scaled cumulant gen-
erating function at u ≈ 3, symmetric to that for u ≈ 0,
follows from the Gallavotti–Cohen fluctuation theorem19
I(j)− I(−j) = σ
kB
=
cj
kB
, (29)
where
c =
(
−E4 − E3
Tc
− E1 − E4
Th
+
E1 − E3
Tm
)
(30)
can be read out from Eq. (10). The fluctuation theo-
rem (29) is a consequence of microscopic time reversibil-
ity that implies that the operator R in Eq. (2) obeys
the local detailed balance condition19. The theorem can
be also obtained from the standard steady-state fluctu-
ation theorem for entropy production P (σ)/P (−σ) =
exp(−σ/kB)39.
Rewriting the fluctuation theorem (29) in terms of
scaled cumulant generating function yields19
λ(u) = λ(c− u), (31)
which implies that near the point c we can write
λ(u) ≈
{
Jmin(u− c), u < c,
Jmax(u− c), u > c. (32)
For the parameters taken in the figures, we obtain c ≈
2.95 in perfect agreement with our numerical results.
C. Consequences for refrigeration
The broad current PDFs near the critical point and
thus near the maximum current regime show that the
maximum current is rather unstable compared to smaller
currents obtained further away from the critical point.
This suggests that the studied absorption refrigerator
exhibits a certain trade-off between the stability of the
cooling flux and its magnitude.
In the classical regime, this trade-off can be over-
come if the system operates in the parameter regime
γ12h = γ1h = γ2h, when the dark- state (|1〉 − |2〉)/
√
2
decouples from the rest of the system, see Fig. 2. In such
a case, the system prepared at the initial time in a state
within the effective three-level system (|1〉 + |2〉)/√2 –
|3〉 – |4〉 can yield the maximum current without paying
by large fluctuations caused by trajectories captured for
extensive periods of time in the dark state. However,
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this parameter regime is rather narrow and for all other
parameters the fluctuations in the classical case are sig-
nificantly larger than in the quantum regime, compare
panels b) in Figs. 4 and 5.
To sum up, the best operation regime of the studied
absorption refrigerator is the classical regime with the
decoupled dark state and the system initially prepared
outside the dark state. In such a situation, the effect of
noise-induced coherence effectively transforms the four-
level system {|1〉 , |2〉 , |3〉 , |4〉}, depicted in Fig. 1, into
the three-level system {(|1〉+ |2〉)/√2, |3〉 , |4〉}, depicted
in Fig. 2, with doubled transition rates into/from the up-
permost level (|1〉+ |2〉)/√2. This doubling of transition
rates is the reason for the increase in the mean current
compared to the classical four-level situation (without
coherence coupled to populations in Eq. (1)).
However, preparing the system exactly with the pa-
rameters leading to the decoupled dark state could be
very difficult since they correspond to a one-dimensional
subspace in the two-dimensional parameter space γ12x,
x = m,h. If the system preparation is not so well un-
der control, the next best option is to operate the system
in the quantum regime that exhibits much smaller fluc-
tuations than the classical one without the fine-tuned
parameters.
D. Further remarks
Let us close this section with two remarks. (i)
We checked that the current fluctuations in the con-
sidered system fulfill the standard thermodynamic un-
certainty relation (
〈
j2
〉 − J2)/J2 ≥ 2kB/(σt) intro-
duced in Refs.40,41 and hence also the weaker relation
(
〈
j2
〉 − J2)/J2 ≥ 2/[exp(kB/σt) − 1] recently derived
from the fluctuation theorem42. See also Refs.43–46 for
further studies on thermodynamic uncertainty relations
for quantum systems. (ii) We have tested that large de-
viation functions for the integrated currents
jh =
1
t
∫ t
0
dt′[n4→1(t′)− n1→4(t′) + n4→2(t′)− n2→4(t′)]
(33)
and
jm =
1
t
∫ t
0
dt′[n3→1(t′)−n1→3(t′)+n3→2(t′)−n2→3(t′)],
(34)
corresponding to the transitions caused by hot and cold
reservoir, respectively, are the same as the large deviation
function for the current (21), as predicted in Ref.47. This
is an intuitive result since the integrated currents can in-
crease/decrease only if the excitation runs a full counter-
clockwise/clockwise circle |4〉 ↔ |1〉 & |2〉 ↔ |3〉 ↔ |4〉.
The tilted matrices R˜h(u) and R˜m(u), needed for compu-
tation of the large deviation functions for currents (33)
and (34), can again be constructed in an intuitive manner
by tilting suitable elements of the matrix R.
The only difference from the simple classical case of
the current (21) is that now the excitation can travel not
only to/from the individual states |1〉 (described by ρ11)
and |2〉 (described by ρ22) but also their coherent combi-
nation (described by ρR). In case of the current (33), we
thus have to multiply by exp(−u) (positive increment of
the current) the elements γ˜1hn
+
h , γ˜2hn
+
h , and γ˜12hn
+
h in
the fourth column of the matrixR corresponding to tran-
sitions from state |4〉 to states |1〉, |2〉, and their coherent
combination, respectively. The elements corresponding
to decrease of the current, that have to be multiplied by
exp(u), are than γ˜1hn
−
h , γ˜2hn
−
h and γ˜12hn
−
h in the fourth
line of the matrix R. Similar considerations imply that
in the matrix R˜m(u) the elements γ˜1mn−m, γ˜2hn−m and
γ˜12hn
−
m in the third line, corresponding to decrease in
the current (34), must be multiplied by exp(u) and the
elements γ˜1hn
+
h , γ˜2hn
+
h , and γ˜12hn
+
h in the third column,
corresponding to increase of the current (34), must be
multiplied by exp(−u).
VI. CONCLUSION
Our investigation of current fluctuations in a simple
model of absorption refrigerator with degenerate energy
levels reveals that the effect of noise-induced coherence
can be used as a textbook example of a system exhibit-
ing dynamic phase transitions in current statistics. For
symmetric transition rates in the quantum optical mas-
ter equation describing the system dynamics, the steady
state attained by the system at a long time becomes non-
unique and this leads to non-analytical scaled cumulant
generating function for current, broad probability distri-
butions for current, and thus also large current fluctua-
tions. Interestingly, the refrigerator delivers the largest
cooling flux for parameters in the vicinity of this sym-
metric parameter regime and thus the presence of the
phase transition leading to large fluctuations negatively
influences its performance. This effect is reminiscent of
large power fluctuations48 in heat engines operating in
the vicinity of a phase transition49. However, while the
phase transition in Ref.49 is attained in the limit of many
interacting heat engines and the corresponding fluctua-
tions can be tamed by using a suitable fine-tuned driv-
ing protocol29, the phase transition in the present model
occurs on the level of a single system and, for given pa-
rameters of the model, it can not be avoided.
The phase transition occurs only in the parameter
regime that allows for a classical description of the system
using a suitably rotated basis of the degenerate subspace.
For parameters at the vicinity of the critical point, the
current fluctuations are qualitatively the same for this
classical regime and also for the remaining parameters
composing what we call quantum regime. The main dif-
ference is the magnitude of fluctuations which is signifi-
cantly larger in the classical case. The classical parame-
ter regime offers only a narrow path to avoid these large
fluctuations by a suitable initial preparation of the sys-
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tem in the decoupled subspace that yields the largest
current.
Because the degenerate steady state formed in the clas-
sical case is composed of two parts, the system behavior
in the vicinity of the critical point can be described by
a dichotomous process. This allowed us to provide an
analytical description of the average current as well as a
qualitative understanding of its fluctuations both in the
classical and the quantum case, revealing the main dif-
ferences between these two parameter regimes.
Although we performed our investigation of the effect
of noise-induced coherence using a specific model of ab-
sorption refrigerator, the main conclusions about the sys-
tem behavior in the classical and quantum regime of op-
eration presented here, and also in our previous study6,
are valid for arbitrary systems with degenerate energy
levels in the spectrum that are weakly coupled to sev-
eral (bosonic) thermal bath by dipole interactions and
thus they fulfill assumptions used for the derivation of
the quantum optical master equation.
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